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Abstract

The optimal control problem of minimizing the dynamic response of anisotropic symmetric or antisymmetric composite lami-
nated rectangular plates with various boundary conditions is presented using various plate theories. The objective of the present
control problem is to minimize the dynamic response of the plate with minimum possible expenditure of force. The dynamic re-
sponse of the structure comprises a weight sum of the control objective (the total vibrational energy) and a penalty functional of the
control force. In addition to the active control, the layer thickness and the orientation angle of the material fibers are taken as
optimization design variables. The explicit solutions for the optimal force and controlled deflections are obtained in forms of double
series using the Liapunov—Bellman theory. The effectiveness of the proposed control and the behavior of the controlled structure are
investigated. Various numerical results including the effect of boundary conditions, number of layers, anisotropy ratio, aspect ratio,
and side-to-thickness ratio on the control process for symmetric and antisymmetric laminates are presented. © 2002 Elsevier

Science Ltd. All rights reserved.
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1. Introduction

Laminated composite structures are made up of two
or more layers bonded together to achieve the best
properties of the constituent layers. By altering the
material or the lamination scheme of the layers, a
structural designer can tailor the strength and other
suitable properties of layered structures to serve useful
functions under certain conditions. Therefore, during
the past two decades, a great deal of interest has been
devoted to integrating the optimal design and active
control in a single formulation. This topic is the subject
of several research studies [1,2].

The studies [3-6] on the design of vibrating structures
and on the active control of dynamically loaded struc-
tures treat the design optimization and structural con-
trol problems as separate issues. The integrated
approach to the problem in which design and control
are optimized simultaneously has been employed in
several research studies [7-16]. In the works [7-10], the
design and control problem was formulated as a con-
strained optimization problem. A multiobjective opti-
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mization approach was used in [11-15] with constraints
imposed on relevant quantities. In the work [16],
structural optimization was employed taking the fiber
orientation, and stiffener areas as design variables to
improve a control performance index using a sequential
optimization procedure. More recent studies may be
found in the literature [17-29]. For these works, the
control formulations for composite laminated plates are
presented based on the classical laminate theories for
special boundary conditions and few papers have been
formulated based on higher-order laminate theories with
various cases of boundary conditions.

The current work deals with the optimal design and
control of the dynamic response of an anisotropic rect-
angular composite laminate with various cases of
boundary conditions. The present control formulation is
based on a consistent higher-order plate theory [30]. The
objective of the present control problem is to minimize
the dynamic response (vibrational total energy) with
minimum expenditure of force. Furthermore, the
orientation angle of the material fiber and the layer
thickness are taken as design variables. Control over the
plate is exerted by distributed forces, which translate
into force in the actual implementation of the control
mechanism. The dynamic response is related to the
energy of the structure, which is subject to initial
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disturbances. A quadratic functional of the total energy
is specified as the control performance index. The ex-
penditure of force is limited by attaching a functional of
the force to the objective functional as a penalty term.
The necessary and sufficient conditions for optimal
stabilization in the Liapunov-Bellman sense [31,32] are
used to determine the optimal control force and deflec-
tions. Numerical examples are given to assess the pre-
sent design—control approach for composite laminated
plates with various boundary conditions.

2. Formulation of the problem

Consider a fiber reinforced rectangular laminated
plate of length a, width b, and total thickness /4, and
composed of N anisotropic homogeneous layers bonded
together in an arbitrary lamination scheme. The mate-
rial of each layer is assumed to possess one plane of
elastic symmetry parallel to the mid-plane of the plate.
The coordinate system is taken such that the mid-plane
coincides with the xy plane and is normal to the z-axis.
Let the upper surface of the plate (z = #/2) be subjected
to a transverse distributed load ¢(x,y,¢) which may be
taken as a control force. Also, the initial conditions are
specified as

w(x,»,0) = A(x, ),

Ww(x,,0) = B(x,y). (1)
The superposed dot denotes the differentiation with re-
spect to time z. The present study accounts for a dis-
placement field which preserves the transverse shear
stresses vanishing on the plate top and bottom surfaces
[30] and is given by

u1=u+z{a2—f+ﬁw+w2<2—j+wﬂ, (2a)

SR LAY E T (L 2b
ty=vtzian 7\ 5 ; (2b)
Uz = w, (2c)

where (u1,u,,u;) are the displacements along x, y and z
directions, respectively, (u, v, w) are the displacements of
a point on the mid-plane, and  and ¢ are the slopes in
the xz and )z planes due to bending only (slope rota-
tions).

The above displacement field (2a)—(2c) is the most
general consistent higher-order displacement field which
gives all other theories. The following lower-order the-
ories can be obtained as:

1. higher-order plate theory (HPT): a«a=0, f=1,
y=—4/(31%);

2. first-order plate theory (FPT): « =0, f =1,y =0;

3. classical plate theory (CPT): o = —1, =0,y =0.

Applying Hamilton’s principle, the governing equa-
tions of the laminate can be given in the form [33]:

ON; ONg . -5 = OW
E+E—Ilu+12¢+lza7 (3a)
N A
6_x+$_llv+12¢+12@y’ (3b)
6_Q5+6_Q4+ _62A_41_262A_/16_62A_42
x Ty 1T T ey o2
. = (0u Obv - - ot %W
:11W—12<§+@>—(a13+y15)<§+6—y2>
N
_(ﬁ[3+/15)<§+@>7 (3c)
oM, OMs . | .. . N -
E“‘@—Qs‘*‘b“*‘(ﬁh*'ﬂs)l//
- 2\ 0w
+ (“134_“/15)&; (3d)
oMs oM, . . N
§+§*Q4+IZU+(,BIB+/[5)¢
- 2\ Ow
+ (9‘13 + 715) 3’ (3e)

the stress resultants N; and M;, etc. can be expanded as:

N Zk
(M,M,B):Z/ (1,z,2%)0%dz (i=1,2,6), (4a)
k=1 Y Zk-1

(Q,.,R,.):Z/Zka,zz)agydz (i=4,5), (4b)

0;=(1+w)Q;+3R;, 0= PO+ 3R,
M; = aM; + )P,  M;= M;+ P,
jn = ﬂln + yln+27

N Zk
]” — Z / p(k)znfl dZ,
k=1 Y Zk-1

where z; and z;,_; are the top and bottom z-coordinates
of the kth layer, ¢; (i=1,2,...,6) denote the stress
components, gy =011, 0y =02, 03 =033, 04 = 0323,
0s = 013, 0¢ = 012. The stress resultants are related to
the strain components by the following laminate con-
stitutive equations:

Tn = aln + ’))In+27

]vi - A/3ﬁ0> + B[ij(-l) + El:/'gj(~3),
0 1 3
M, = Byg)” + Dy + Fye) (5a)
P £ L Fel) 4O
i = Lijé; ij€; ij€j

(iﬂj = 1727 6)7
0= Aijgj('O) + Dljgj(?)a
R = D,-jsj(vo) + E,—s}z), (5b)

(i,j =4,5).
The homogeneous laminate stiffnesses A4, B;;, ... are in
the form:
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N zy
(4, Bij, Dyj, Eyj, By, Hyy) Z/ CP(1,2,2,2, 24, 2% dz

k=1 Y Zk-1
(i,j=1,2,6), (6a)
(4, Dy, F Z/ CO(1,2.2)dz (i,j=4.5),
(6b)
where C,] are the material stiffnesses of the kth layer

which depend on material properties and orientation
angle 0, of the layer material, and ¢; are the infinitesimal
strains associated with the displacements (2a)—(2c) given
by:
=& —|—zsf]) +Z38§ ,
(l: 1>2>6a ]:475)7

3) & = 07 g = 850) +Z281(-2)

ggo):g—z, eéo):g—;, 85‘0):(1+oc)2—;v+[3¢,
9(50):(14—0()2—:4—/3!#, g(’)—% 2_;
921)—a227v;+ﬁ%, V= Zj}v;+ﬂaa(ﬁ7
8g>:za§j—g§;+ﬁ<%+%), sﬁ”z%a;—i‘j),
foa(fa), ool

3¢ alp)

*w ow
G _ (2 @ _ il
‘s ’( oy Tx Ty 3y<ax+‘/’>'
(7)

The present control problem accounts for various
cases of boundary conditions at the edges, i.e., when the
plate edges are simply supported (S), or clamped (C) or
free (F), or when a combination of these boundary
conditions is prescribed over the edges. Then, these
boundary conditions on the edges perpendicular to x-
axis take the form:

S: v=w=¢=N, =M, =P, =0,

C: u=v=w=y=¢p=w,=0,

F: N = M1— = Ng = Mg — Fs
:Q1+P14x+P6.,y:0a

where (), denotes the partial differentiation with re-
spect to x.

8)

3. The optimal control problem

The objective of the present study is to minimize the
dynamic response of the laminate in a specified time
0 <t < 1t < oo with the minimum possible expenditure of
force g(x,y,t). The dynamic response of the plate is

measured by a cost functional related to the energy of
the system which is a function of displacements, its
spatial derivatives and the velocity. The optimization
variable ¢(x,y,7) may be introduced in the objective
functional by taking a performance index which com-
press a weight sum of plate energy and a penalty func-
tional of the control force. In addition to the active
control using the force ¢(x,y,t), we consider the layer
thickness 4, and the orientation angle 6, as optimization
design variables. Then, the mathematical formulation of
the control problem can be reduced to determine the
optimal control variables ¢, /;, and 0, that minimize the
functional

J = Wi+ wdr + p3ds, 9)
h/2
/ / / / 810’1 + &0, + €404
/2
+ &505 + €40¢ dZdydde (103)
n/2
.2 .2
/ / / / u1 —|—u2+u3)dzdydxdt,
h/2
(10b)
T b a
J3(q) = / / / g’ (x,y, t)dxdydr, (10c)
0 0 0

where u, >0, i=1,2,3, are the constant weighting
factors, J; and J, represent the strain energy and the
kinetic energy of the laminate, respectively. The func-
tional J; is a penalty term involving the control function
g € L?, where L denotes the set of all bounded square
integrable functions on {0<x<a,0<y<bh,0<1<
1< 00}

4. Solution procedure

The solution of the system of partial differential
equations (3a)—(3e) under conditions (1) and (8) may be
expanded in the form of double series in terms of the
free vibration eigenfunctions. Then the displacement
functions (u,v,w,,¢) and the closed-loop control
function ¢ may be represented as

u= Z Un(DXYy, v=" Vu(t)X.Y,

m,n

W—ZWmn HXY, ¥ = Zsr'm,, ¥ (11)
¢ = Zaﬁmn

B2 q - Z an
where U,y Vins Wons Wons @ and Q,,, are unknown
functions of time. The functions X(x) and Y(y) are
continuous orthonormed functions, which satisfy at
least the geometric boundary conditions given in (8),
and represent approximate shapes of the deflected
surface of the vibrating plate. These functions, for the
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different cases of boundary conditions, take the follow-
ing forms [34]:
SS: X(x) =siny,x, u,=mn/a.
CC: X(x)=sinu,x — sinh p,x
—n,,( cos p,,x — cosh y,,x),
1,, = (sin p,a — sinh p,a)
x (cos p,a — cosh y,a)”",
Wy = (m+0.5)n/a.
CS: X(x) = sinp,x — sinh y,,x
—n,,( cos w,x — cosh i, x),
1,, = (sin p,a + sinh p,,a)
x (cos p,,a + cosh )", (12)
W, = (m+025n/a.
CF: X(x) = sin u,x — sinh . x
—n,,( cos w,x — cosh ,,x),
#,, = (sin p,,a + sinh p,,a)
x (cos u,a + cosh u,a) ",
W =1.875/a, u, =4.694/a,
u; = 7.855/a,
Uy =10.996/a and
W, = (m—0.25)n/a for m = 5.

Using Egs. (5a), (5b) and (7), we can get the gov-
erning equations (3a)—(3e) in terms of the displacements.
For these equations, the in-plane inertia terms may be
neglected. Substituting expressions (11) into the result-
ing equations and multiplying each equation by the
corresponding eigenfunction, then integrating over the

domain of solution, we obtain after some mathematical
manipulations, the following time equations:

Ulmn Umn + Vlmn an + I/Vlmn Wmn + qllmn 'Ilmn

+ ¢1mn (Dmn = 07
U2mn Umn + V2mn an + VVZmn Van + lI’Zmn qjmn
+ ¢2mn ¢mn = 07

U3 Unin & Van Vin + Wana Won + 30 ¥
+ D3 P = W 13 Wi — O
Usiin Unnn + Vs Ve & Wana Woan & s Vo
+ P P = W Wy,
UsiinUnnn + VsiinVen + Wann Won + ¥ 5m ¥ un
+ D5s s = W 30 Wy,
where
Wi = Ley — (e1s + exq) (ads +715),
W omn = €6 (ij3 + Vjs), Wi = €12 (aj3 + Vj5>,

the CoemCients [/imny Vimm I/Vimm (pimn and 'Pimn (l = 1727 3)
are given in Appendix A. Solving the system (13), one

gets an equation of the time-dependent functions 1,
and an Onlyy

W:zn+w2 Won = lm,anna

s _Aw M (14)
" Almn ’ " Almn ’
where 4,,,, 41, and 4, are given in Appendix A.

Following previous analogous steps, we can get the
objective functional (9) in the final form

J = Z / (kl Vann + k2 Wanmn + k3Qim + k4 V.V”?n
0

m,n

(0))

+ k5 I/.V;anmn + k6.Q3,m>dt7 (15)

where the coefficients %; (i =1,2,...,6) are given in
Appendix A. Since the system (14) is separable, hence
the functional (15) depends only on the variables found
in (m,n)th equation of the system. With the aid of this
condition, the problem is reduced to a problem of an-
alytical design of controllers [35] for every
mn=12,..., 00.

Now the optimal control problem is to find firstly the
control function ¢°'(¢) that satisfies the conditions

J(@) <J(qua) for all g,,(¢) € L*([0,0)),
that is

minJ = minZJ,,m = Z min J,

12
Gmn mn dm €

and secondly, to find the optimal values of %; and 6,
from the following minimization condition:

J(qfnzta th[7 Ozpt) = l;lnignl(q35,17 hk7 0k)7
kO

> hi=h, 0<0<m/2.
k

Here, the minimization of the dynamic response using
the control force ¢, can be carried out independently
for every modal equation. For such a problem, Liapu-
nov—Bellman theory [32] is considered an effective ap-
proach for the solution. The necessary and sufficient
conditions for minimizing the functional (15) according
to the Liapunov—Bellman theory is
0L, oL,

mi Won + —— I}t/;nn jmn = 07 16
qln aVan + aVan + ( )

provided that the Liapunov function L,

Lon = A W2, + 2B Wy Wy + Cpa W2

mn mn?

(17)

is a positive definite, ie. 4,,>0, C,,>0 and
Ay Com > Bfnn, where J,,, is the integrand of (15). Using
Eq. (17) we can obtain the optimal control function in
the form:

-1 Cmn l mn

Q;)n;:’t — 2—k3(ZBm,,l,,m + k) Wy — I Van- (18)
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Then, substituting Eq. (18) into (16) and equating the
coefficients of W2, W2 and W,,W,, by zeroes, the fol-

mn?>

lowing system of equations is obtained:

Cfnn(alBZ + aZan + (13) + (14Bm,, + as = 0,

mn

C? (asC2 + a7B, + ag) + angnn

mn mn

+ alOan + ap = Oa (19)
alZAmn + Cmn (ClBCim + al4C,2n,,an
+ai5B%, + a16B, + a17) = 0.

Under the condition that the Liapunov function is a
positive definite, the solution of the system of nonlinear
algebraic equations (19) may be obtained. Then, when
B(x,y) = 0, we can get the controlled deflection solution
in the form:

vmn

G, .
o = A€ (05 (1) = 2 sin 1) ).

1 1/2
- Z lsnn C%mn) )

1 1
C mn — 2anlmn k ’ C mn — T 7
1 2k3( + k) 2 I

2
Vinn = <wmn - lmnClmn

Cmn lmm
(20)

where 4* is the amplitude of the initial deflection. In-
serting these expressions into (13), (15) and (18) we can
get the displacements, the total energy and the optimal
control force. Then, we complete the minimization
process for the dynamic response of the laminate by
determining the optimal design of the laminate using the
design variables 6, and #;.

5. Numerical results and discussion

Numerical results for maximum optimal control force
g, controlled deflection W and total energy J are pre-
sented for symmetric and antisymmetric angle-ply rect-
angular plates with various cases of the boundary
conditions (8). All layers of the laminate are assumed to

Table 1

be of the same orthotropic materials. A shear correction
factor for FPT is taken to be 5/6. The plane reduced
stress material stiffnesses C;; are given by:

E E
C = 71’ Cp = L7
1 —vipvy 1 —vipvy
E,
Cyp = T Cy = Gz, Cs5 =Gys,
— Vi2Vai
Coo = G,  viiE; = v;iE; (i,j=1,2),

where E; are Young’s moduli, v;; are Poisson’s ratios and
G;; are the shear moduli. In all calculations, unless
otherwise stated, the following parameters are used:

a=b=20in., h=2in, p=0.00012Ib s>/in.*
w=w=1pu3=0001, 4=1070"2

E, =10% psi, E; =25E,, G, = Gy; = 0.5E,,

Gr3 = 0.2E,, v, =0.25.

For the optimal design, we consider a (6,0, 0) plate
with outer layers having the same thickness; and there-
fore we take the optimization thickness variable » which
represents the ratio of the outer layer thickness to the
total laminate thickness. All calculations in tables and
figures are carried out at x =a/2, y=>5/2 and for a
maximum amplitude of W and q.

Table 1 contains values of the maximum optimal
control force ¢, controlled deflection W and total energy
J for simply supported (SSSS) three-, five- and thirteen-
layer symmetric square plates. These values are obtained
using classical, first-order and higher-order plate theo-
ries (CPT, FPT, HPT) for some values of the side-to-
thickness ratio a/h. Table 2 presents similar results for
two-, four- and twelve-layer antisymmetric square
plates. Note that both FPT and HPT give almost the
same values with a slight deviation occurring for mod-
erately thick plates (a/h < 10). The CPT underpredicts
q, J and W with minimum errors reaching 6% for thin
plates and more 40% for thick plates (a/h < 5).

Tables 3 and 4 contain values of ¢, W and J for
multilayered symmetric and antisymmetric laminates for

¢, J and W for three-, five- and thirteen-layer symmetric SSSS plates according to CPT, FPT and HPT, a = b =20, E, /E, =25

alh Th. 45,0,45 45,—-45,0,—45,45 45,—-45,45,-45,45,-45, /0/ 9ym
q J w q J w q J w

5 CPT 58.057 .54762 .00600 57.692 .54040 .0059 57.598 .53856 .00590
FPT 103.64 1.8326 .02068 103.19 1.8152 .0204 102.97 1.8067 .02039
HPT 109.83 2.0882 02353 108.76 2.0438 .0230 108.10 2.0170 .02274
10 CPT 150.86 3.0423 .04806 150.00 3.0020 .0474 149.77 2.9917 .04727
FPT 185.28 4.8899 .07746 184.38 4.8330 .0765 184.06 4.8125 .07625
HPT 191.64 5.3148 .08410 190.21 5.2193 .0826 189.47 5.1700 .08183
20 CPT 341.55 17.849 .38454 340.01 17.603 3794 339.62 17.540 37818
FPT 358.38 20.698 44336 356.88 20.423 4377 356.44 20.343 43614
HPT 361.94 21.378 45712 360.16 21.042 4503 359.49 20.917 44775
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a/h Th. 45,45 45, —-45,45,—-45 45, 45,45, 45,45, 45, / 1 ioym
q J w q J w q J w

5 CPT 90.785 1.4060 .01526 62.474 .63748  .00697 58.080 54792 .00601
FPT 122.76 2.6522 .02973 105.42 1.9015 .02145 103.17 1.8146 .02048

HPT 122.98 2.6788 .03001 112.04 2.1821 .02458 108.46 2.0316 .02290

10 CPT 223.48 7.8240 12211 161.04 3.5386 .05581 150.89 3.0434 .04808
FPT 243.48 9.6541 15106 192.46 5.3583 .08476 184.85 4.8623 .07703

HPT 244.02 9.7332 15221 198.76 5.8075 09175 190.33 5.2271 .08272

20 CPT 455.25 48.472 .97692 359.06 20.883 44653 341.58 17.854 .38465
FPT 462.73 51.590 1.0348 373.78 23.722 .50442 358.17 20.658 44255

HPT 462.99 51.743 1.0374 377.10 24.442 51879 361.23 21.243 45437

Table 3

Effect of the number of layers N on ¢, J and W for symmetric (45, —45,...,0,...
boundary conditions, a = b =20, a/h =5, E|/E, =25

,—45,45) plates according to CPT, FPT and HPT with various

N Th. CCSS ccece CFSS
q J w q J w q J w
3 CPT 76.329 44143 .00543 120.32 48222 .00616 301.55 24.068 .06026
FPT 183.31 2.3881 .02617 339.80 3.4652 .03684 345.01 38.879 10175
HPT 191.07 2.6260 .02875 356.20 3.8642 .04102 358.37 44.536 11511
5 CPT 77.305 45023 .00550 120.76 48438 .00617 302.75 24.180 .05997
FPT 184.21 2.4141 .02645 339.62 3.4609 .03679 335.49 35.767 .09566
HPT 191.85 2.6497 .02900 354.77 3.8294 .04066 344.07 39.328 10515
13 CPT 77.563 45257 .00552 120.88 48495 .00617 303.06 24.209 .05989
FPT 185.18 2.4422 02675 339.42 3.4563 .03674 328.70 33.723 .09167
HPT 193.23 2.6921 .02946 354.00 3.8106 .04046 332.11 35.458 .09753
Table 4

Effect of the number of layers N on ¢, J and W for antisymmetric (45, —45,...) plates according to CPT, FPT and HPT with various boundary

conditions, a = b =20, a/h =5, E\/E; =25

N Th. ccss ccee CFSS
q J w q J w q J w

2 CPT 120.79 1.1418 01383 187.83 1.2122 01530 368.88 49.798 12545
FPT 211.23 3.2657 103560 375.26 4.3304 104586 408.09 71.931 17477
HPT 211.21 3.2830 03577 374.64 4.3356 .04590 402.21 68.898 17081
4 CPT 84.090  .53414 100649 131.07 57191 00725 315.94 27.840 06889
FPT 189.11 2.5575 102800 343.86 3.5585 03781 340.05 37.569 .10059
HPT 201.05 2.9411 03215 365.08 4.0871 04335 339.15 38.176 10488
12 CPT 78231 46054 00561 121.91 49335 00628 304.42 24.567 06077
FPT 186.21 2.4720 02708 339.81 3.4653 03683 326.50 33.126 .09065
HPT 195.26 2.7554 03014 355.32 3.8429 .04080 326.66 33.880 09458

the CCCC, CCSS and CFSS boundary condition cases.
These results extend the previous discussion on Tables 1
and 2 to various cases of boundary conditions. More-
over, all numerical results in Tables 1-4 indicate that the
number of layers has a weak effect on ¢, J and W for the
symmetric plates, and it more obvious for the antisym-
metric ones. This is due to the fact that the generally
orthotropic symmetric plates exhibit no coupling
between bending and extension (B;; = 0). In addition,

the other coupling between normal forces and shearing
strain, shearing force and normal strain; and normal
moments and twist are not zeroes (i.e. Aig,Ass, Dis,
Dy, ... are not zeroes), but these stiffnesses decrease
with increasing the number of layers; while, for the
antisymmetric plate, the coupling stiffnesses B;; are not
all zeroes [36]. So, the bending-extension coupling
makes the antisymmetric laminates more flexible and
has deflection more than those of the symmetric ones
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[34]. As a result, antisymmetric laminates need more
expenditure of force to control their dynamic response.

Table 5 presents the optimal values of the orientation
angle 0, and the thickness ratio r,, for a three-layer
symmetric square plate with various boundary condi-
tions. It is evident that the optimal design strongly
dependent on the aspect ratio and on the boundary
conditions.

In general, the displayed numerical results in all
figures are obtained using HPT for symmetric laminates
(6,0,0) with various boundary conditions. Figs. 1-3
show the effect of the side-to-thickness ratio on the

Table 5

control force and total energy for CSSS, CCSS and
CFSS boundary conditions. The ¢- and J-curves in these
figures are plotted, in general for four cases of laminate
designs which are nonoptimal design, optimal design
using only the orientation angle 0, optimal design using
only the thickness ratio r, and optimal design using both
r and 6. Observe that all cases of optimal design con-
siderably reduce the total energy of the laminate as
compared to the uncontrolled ones, but the optimal
design using 0 only is more effective than that using r,
and the optimal design using both r and 0 is the
most efficient. Moreover, these optimal designs are more

The effect of aspect ratio a/b on the orientation angle 0y, and optimal thickness ratio 7o of symmetric (0,0, 0) laminates with various boundary

conditions, according to HPT, a/h = 10, E, JE, = 25

alb SSSS CSSS CCSS cccece CFSS CFCF
l/')opt Fopt Hopl Fopt Hopl Fopt Hopt Vopt Hopt Vopt eopl Vopt
1 42.4° 0.5 33.1° 0.32 25.9° 0.23 35.3° 0.2 90° 0.5 0° 0
1.5 56.9° 0.5 52.6° 0.5 49.6° 0.47 62.9° 0.5 90° 0.5 90° 0.1
2 67.7° 0.5 64.8° 0.5 63.9° 0.5 80.5° 0.5 90° 0.5 90° 0.09
2.5 74.7° 0.5 72.5° 0.5 72.4° 0.5 90° 0.5 90° 0.5 90° 0.08
3 79.9° 0.5 78° 0.5 78.4° 0.5 90° 0.5 90° 0.5 90° 0.08
5 90° 0.5 90° 0.5 90° 0.5 90° 0.5 90° 0.5 90° 0.5
J CSSS CSSS
120 — 800 —
4 o 0=90° r=037 700 —
® 0="70° ope = 0.32 600 —|
80 & O =33.1° r=0. |
a By = 33.1° op=0.32 500 —
400 —| o
40 1 0 6=90°, =037
300 — ® 9=70° Iop= 0.32
, ) a0 =33.1°r=0.
00 4 Ogp=33.1% 1o =032
0 \ \ ‘ \ 1 a/h 100 — ; \ ; \ ; \ ‘ 1 a/h
5 10 15 20 25 5 10 15 20 25
Fig. 1. Curves of J and ¢ for (0,0,0) CSSS laminate, a = b =20,h =2,E,/E, = 25.
q
100 CCSS 4000 CCSS
807 5 0=90° r=041 800
® 0=280° Tope= 0.23
60— A 0=50° r=041 600
14 0y =25.9° =023
40 400 o 0=190° r=041
) ®0=80°,  rp=023
20 4 200 ~ 0=50° r=0.41
| & Oy =25.9° =023
0 \ \ \ 1 a/h 0 \ \ \ ' a/h

20

25

15 20 25

Fig. 2. Curves of J and ¢ for (6,0,60) CCSS laminate, a = b =20,h =2,E,/E, = 25.
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CFSS 1
10000 5000 CFSS
E 0 6=40°, r=04
8000 — R 4000-| ® 0=50°, r=0.1
] o Ji2for0=40°,r=04 s 0=55, =015
® 6=50° r=0.1 2 00y =90°% rous 0.5
600071, g=155°, r=0.15 3000
1 a 0u=90°,  1u=05
4000 | 2000
2000 | 1000
0 T — T ‘ \ 0 \ \ \ \
5 10 15 20 25 a/h 5 10 15 20 25 a/h
Fig. 3. Curves of J and ¢ for (0,0, 0) CFSS laminate, a = b = 20,h = 2,E, /E, = 25.
J q
30 CSSS 500 — CSSS
i | o 6=90° r=0.37
25 0 8=90°, =037 450 ® 0=70°, =032
o
] ® 0=70°, =032 ] & =331 r=0.
20 | Oopt =33.1°, 1=0. 200 ] A Oop=33.1°%  rop=0.32
Oopt =33.1° o= 0.32
15 — 350 —
10 — 300 —
5 \ \ \ 1 E/E, 250 \ \ \ 1 EJ/E,
0 10 20 30 40 0 10 20 30 40
Fig. 4. Curves of J and ¢ for (0,0, 60) CSSSlaminate, a =b = 20,h = 2.
I 1 ccss
24 — CcCSs 600 —
B i o 6=90° r=0.41
20 — o 6=90° r=0.41 ® 9=70°, Top= 0.23
500 | o 7
i ® 9=70°, Topt = 0.23 Oop =25.9°, r=0.
16 & O =259 1=0. 1 Top = 0.23
] 4 00 =25.9°, =023 w00
12 ]
i 300
8
4 \ \ \ \ 200 \ \ \ | E/JE
0 10 20 30 40 EV/E2 0 10 20 30 a0 "7

Fig. 5. Curves of J and ¢ for (0,0,0) CCSS laminate, a = b = 20,h = 2.

significant and required for thin laminates (a/h > 15),
and for laminates, which have one or more free edges.
Figs. 4-6 show the effect of orthotropy ratio E,/E, on
J and ¢ with various boundary conditions. These figures
indicate that beside the role of the optimal design
depending on r and 0 for reducing the total energy J and
the optimal control force ¢, the orthotropy ratio may
play an important role in reducing them, where J and ¢
are rapidly decreasing with increasing E,/E,. This is due
to the fact that laminates with high orthotropy ratio
E\/E, are more stiff in bending and have smaller
deflections when compared to the laminates of low

orthotropy ratio. Fig. 7 contains ¢- and J-curves plotted
versus the aspect ratio a/b for a three-layer symmetric
CFSS plate; they show that the present optimal design
and control approach is more desired for short plates
(a/b < 2).

6. Conclusions
Optimal design and control of composite laminates

for minimizing the dynamic response with minimum
possible expenditure of force are presented for various
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J CFSS
1200 -
] o0 0=40°, r=04
® 9=50°, r=0.1
800 — A 0=55, r=0.15
4 Opp = 90°, £on=0.5
400
0 “\‘\‘—‘_‘—‘—‘

40 E/E,

Fig. 6. Curves of J and ¢ for (0,0, 0) CFSS laminate, a = b = 20,h = 2.

J CFSS
35

30

25 00=40, r=02
20 L4 6:50, r=0.1
2 0=55 =015

& 0y = 90°, 1y =0.5

1 a/b
18 20 2.2 24 26 28 3.0

Fig. 7. Curves of J and ¢ for (0,0, 0) CFSS laminate, a = 20,h = 2,E, /E, = 25.

cases of boundary conditions using various laminate
theories. The study concludes that the classical theory
underpredicts the control force and total energy with
errors reaching more than 40% for moderately thick
laminates, and the first-order laminate theory with a
suitable shear correction factor gives results close to that
obtained due to higher-order theory. The optimal design
using the fiber orientation angle is more effective than
that using the thickness of layers, and the optimal design
using both fiber orientation and layer thickness is the
most efficient. The present optimal design and control
approach is more required for antisymmetric short
laminates with low orthotropy ratio, in addition, the
present control approach not only plays an efficient role
in minimizing the dynamic response of the laminate, but
also, it contributes significantly to decreasing the ex-
penditure of control force.

Appendix A
61762, €3, €4, €5, 66)

/ / (XY 0y XYy X ¥y X Y, XY, X, Y ) XY dxdy,

9
q
2400 — CFSS
1600 — \\\
1200 o i
800 —|
| s 0=55°, r=0.5
2 0o =90°, 1p=0.5
400 : : ‘ : ‘ |
0 10 20 30 40 E/E,
q CFSS
2500
2000
o 0=40, r=02
® 9=150 r=0.1
1500 ’
A 0=55 r=0.15
a Oy = 90°, Lop=0.5
1000
500
0 \ T \ 1 a/b
1.0 1.5 2.0 25 3.0
(6878‘)’610’6]17612) -
b
/ (XY s X Yy, XYy, X Y, XY, ) XY, dxdy,
€7a€1%,€14,€157€167317)
/ / XYX Y, XY, XWVYXYW,XY‘W)Xdedy,

(e1s; €19, €20) = / / X0V X, YyXYXZYZ)dxdy,

U, = dgser + 2416e3 + A€,

¥ =Sece2 + 25163 + S11€4,

Vi = Axeer + (Aes + A12)ex + Aises,

W = saser + (s12 + 2s66)ea + 3s16€3 + S11€4,
D) = Sxer + (512 + Ses)ex + Si6€3,

Us = (412 + Aes)es + Arsero + Aisen,

Vo = Axnes + Asses + Arsero,

@, = Spes + Se6e9 + 2526€10,

W = syeg + (s12 + 2s66)e9 + 3s26€10 + S16€11,

V5 = (S12 + Se6)e9 + Sx€10 + Si6€11,



10 M.E. Fares et al. | Composite Structures 56 (2002) 1-12

Us = —sy6e1 — 3s16e11 — (512 + 2566)€14 — S11€15,
V3 = —3s56€1 — S16€11 — (S12 + 2S66)€14 + sx»eyr,
Wy = —dnyeer + 204ses — 4ngen

+ {sse13 — 2(112 + 2neg)ers — ny1e1s + Laaers — Narerr,

V3 = —Theer + lises — Mgen + Cssens
— (M2 + 206 )e1a — Mygers,

@3 = =3ijy5e1 + lises — Tigen + Lo
— (112 + 2Mgs)era — Nyen7,

Us = Seser + 2516e3 + 5114,

Vi = 5e1 + (S12 + Ses)ex + Siges,

Wy = 1yeer + (112 + 27ge)e2 + 3Mi6€3
+711es — Cases — Usses,

Wy = ngeer + 2jges + 1y ea — see,

Dy = 13501 + (’ﬁz + ’726)62 + nge3 — (ses,

Us = (512 + Se6)e9 + S2e€10 + Si6e€11,

Ws = 31y6e10 + (12 + 2166 ) €0 + M€ + Mnes
- Z4565 - Z44€]2a

Vs = Syes + Seseo + 2526€10,

Vs = nigero + (17, + 1mee) €0 + g e — ises,

Ds = Negeo + 2156e10 + 15068 — (e,

sij = aBy +VEy, 5y = By +7Ey,

iy = DyotB + 7F; (B + o) + Hyy?, i,j =126,
Ny = Dy’ + 2ayFy; + Hyyy?,
ny; = Dy’ + 29pF; + Hy)?, i,j=1,2,6,

Ly = 9Fy* + 69(1 + oDy + (1 4 )’ 4,
(= 9Fy" + 6yBD; + B Ay, i,j=4,5,
L =9F* + 3y(1 + o+ B)Dy + B(1 + @) 4y,
i,j=4>5,

ki = (kaaLs + koaLs + kasLy + kiaLy + ko3)Ls

+ (kaaLs + kiaLy + ksg + kasLq)Ls

+ (kiLy 4 kisLy + ki) Ly + kaz + (kssLy + kas) Ly,
ky = (kaaLe + kiaLy + kasLg + 2kpnL4)Ls

+ (koaLs + kosLy + kioLy + ko3 )Ly

+ (kasLs + kiaLy + 2kaaLe)Ls

+ (ki3 + kisLy + 2k Ly )Ly

+ (kwaLy + ksa + kusLq)Le

+ (2kssLy + kisLy + kss)Lg,

—~ T~~~

ky = (koL + koaLe + kiaLy + kasLg)La
+ (knLy + kiaLe + kisLs) L,
+ (kasL + kssLs)Ls + kaaLg + pizer,

ks = I, (Lerr + Lieg) + (Lo + I7* + 2Lsay) (es + ero)
+ (215.37) +LE + 17"/2> (Lies + Liens)
+ 2hes(LiLs 4 L3 L)
+2(IsBy + 17" + Lo + Isxy) (Lses + Laern)

+ 2hes(Ls + L),
k5 = 2]1 (L1L2€12 +L3L4€6)

+ 2<215ﬁ“/ + LS+ 17V2) (LsLees + L7Lser,)
+ 2hes(Ly + LiL + Ly)
+2(IsBy + 17" + Lo + Isay) (Lsers + Lees)

+ 2hes(LyLs + LyLy + LsLg),
ke = I (Ljes + Liern)
+ (217 + B+ B7?) (e + Lieo)
+2bhes(LyLs + LaLs),
ki = (Aners + 2416e10 + Agsers),
kiy = Ajses + Assers + Arzers + Aszseio,
ki3 = e3s11 + (s12 + 2s66)er0 + (e1a + 2e13)s16 + €198,
ki = e3511 + (e + e18)S16 + €105,
kis = e1o(512 + Sgs) + 18516 + €195,
kyy = Ases + 3(Axners + Assexn),
kas = ejosm + e3(s12 + 2s66) + (€14 + 2e15)526 + €20S16,
ks = e3(512 + Se) + €20516 + €135,
kas = €105 + (e1s + e13)326 + €356,
kss = 2(es6 + etz + €1shs) + 3(€20m1 + 2€1am1
+ e19Mx + el + 2es0ys + e6lss),
ksq = exlfy + e1alfyy + 3estfig + eiotixg
+ 2e157g6 + €5las + e6Lss,
kss = e19l]y + ewl]yy + 3l + el
+ 2e1sTgs + eslas + €12la,
kas = ey, + 2e3mis + ersnig + e6lss)
kas = erany, + e3n\ + eiotys + eishge + eslys,
kss = (eroms, + €056 + e1smgs + €1204s)
L= -4y, Ly=—w’dy, Ls=—w*As,
Ly = —*ds, Ly =14, + Ay, Ly= 145 + A,
Lo =144 + Agp, Lg =145+ A5,
Umn Vin  Piom Prom
o = o Vawnr - Poun - Pon ’
Usin - Vawn Pamn  Paymn
Usin Vs Wsmn Psn



A52 =

VVlmn
VVZmn
VV4mn
VV5mn
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WZmn
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U] mn
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U4mn
US mn
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U4mn
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U4mn
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Ay = AUz + A Vs + A4 V3 + A5 D3 — Ao W3,
Nipn = AWy — A Us — A Vs — Ay W5 — A5, @5,
a, = 4k(,l4(l + 2k§0\)2),

ay =

ay = kzkelz(kzlz + 4k3(,021 + 4k§(,04),

ag =
de —

ag =

ay = 62k§k512 + 2](;](5 ICUZ — k§k3k612 — 2k2k§lw2k6

—4kel°,

—413 (2 + Ky,

—2ky,

— 4l — 2kk31.

as = k3 (dksky — k3),
a7 = —4kskel*,

21(kksl — koksks I’ — K517),
ay = 2k3 (23 — ksl + kel),
ay = Y (A3 ks + Kk — 2kak’ks),
a3 = ksl (ky + 2ksl00?),
ars = k3as,

aig = 2k§12(k5l — 2k2k6l — 2k6a)2 — 2k3),

ajy =

—a,,

ay = 2kikel?,

4
ap = 4k37

)
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